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Coordinate Frame Of Reference

Read: Coordinate frames

Read: Frame rotations and
representations
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https://gramaziokohler.github.io/compas_fab/0.21.0/examples/01_fundamentals/02_coordinate_frames.html
https://www.autonomousrobotslab.com/frame-rotations-and-representations.html
https://www.autonomousrobotslab.com/frame-rotations-and-representations.html

Forward Kinematics vs Inverse Kinematics
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Spatial Representations

= Axis: X, Y, Z
= Unite Vectors are represented with hats

e |E.: Yis the unit vector along Y axis

= {A} represents a frame of reference named A
=> AP means a point P represented in frame {A}

=» Global frame of world frame

o {G}or{W}

How to represent a point BP in a
different frame, say {A}?
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Translation and Orientation

{4}

How to represent a point BP in a
different frame, say {A}?
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= Translation: linear displacement

= Rotation: angular displacement

Xy s

If we find pairwise solution, then we

can solve complex ones too!
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From P To 4P

Pure translation (B} A (A4}
25 ZA L]
2 A IA’ BP
A ?B
), -
Xz 2,
%, {B} = {3R. *Pgorg} 2 Pure rotation
AP = B'D T APBorg Ap = ’SR Bp 4+ APBorg AP = gR Bp
How?

Trivial case: example?
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Preliminaries: Sine And Cosine rules

Sine Rule
a  _ b __c or sin(A) _ sin(B) _ sin(C)
sin(A) sin(B) sin(C) a b c
(for finding sides) (for finding angles)

Cosine Rule

a®> =b* +c* —2bccos(A) or b*+¢*—a?
CoOS(A)=—————
2bc
(for finding sides) (for finding angles)

Sin(A-B)= sinAcosB-cosAsinB Short casual notation!
: . : C (A+B) =CACB-SA SB
sin(A+B)= sinAcosB+cosAsinB C (A-B) = CACB +SA SB

cos(A+B)=cosAcosB-sinAsinB 2 CA CB = C(A+B) + C(A-B)

cos(A-B)=cosAcosB+sinAsinB 2 SA SB = C(A-B) - C(A+B)
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Preliminaries: Dot And Cross Product

axb
. b
n . Ty A
& aXb=|a]|b|lsin@n
bxa a
=-aXxb

ax bx aybz - az by
ay| X |by| = |axbz — az bx
az bz axby o ay bx

0 —dz dy bx
a><b=[a]><b= dz O —dx by
_ay aX 0 bz

[a]x
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Rotation Around Z Axis
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Rotation Around Z Axis

AP, = GREP, = GRAP

)?B'XA VB'XA ZB')?A
BR=["Xg AV AZp] = | Xs-Ya Y&-Ya Zg-Va
Xg-Za YB-Za ZB-Za

Proof:
Bp, - BX,4 BXG B P

AP2 = BP2 . BYA - B\://\ B P, | = [AXB AYB AZB] BP2 — [AXB AYB AZB] AP1
Bp, . B2, |BZ, B P,
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Rotation Around Z Axis

RopRy VouRy 252
Yy A\ Bp BR = [AXg AYs AZg] = )A?B'YA YB‘YA ?B'YA

XB°ZA YB'ZA ZB'ZA
cosf@ —sing O

AR =R,(0) = |sinf cosh O
0 0 1

R, (6)=?and R, (€)= ?
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Elementary Rotations: X/Y /Z

1 0 0 cos@ 0 siné cos@ —sinf O
Rx(6) = |0 cos® —sinf| R,(0)= 0 1 0 R,(0) = [sin@ cosf® O

0O sin@ cosB —sin@ 0 cosé@ 0 0 1

| 4
1 T2 T3

p=(x7y2) p'=Rp = IT21 T2 T3
31 T3z T33
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Properties Of A Rotation Matrix

XB'XA VB‘XA ZB')?A
BR=["Xg AV AZp] = | Xg-Ya Y&-Ya Zg-Va
Xg-Za Ye-Za Zp-Za

B)?Z"
AR = [ARg AV A25] = |BY] = Det(R) = 1
BZ: = R"=R"' and R'lR=1_,
See https://en.wikipedia.org/wiki/Rotation_matrix
ART AR = [ARp A% 425 Féﬂ | = Learn about:
BfAZ 3 e SO(3), Li algebra, Li group

e Eigenvalues of rotation matrix

e Clockwise / anti-clockwise rotation
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https://en.wikipedia.org/wiki/Rotation_matrix

In-class Practice

ReRy VouRy 2g:2a
7 Y, X

5R=["Xe Vs 2] = | Xg-Ya Y&-Va Zp-Va
XB°ZA YB°ZA ZB'ZA

>
m;L
N

.L - X
0 -1 0 2. ’
AR=[AXgAYgAZg]=|1 0 0
0O 0 1
Xg-Xa Ya-Xa Zg-Xa C(Z) -S(%) 0 0 -1 0
BR = Xg-Ya Ye-Ya Zp-Ya|=|5(3) C(3) 0|=(1 0 0
Xe-Za YB-Za Ze-ZA 0 0 1 0O 0 1
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Practice: Find P In Every Frame!

How to do all these calculations more efficiently?
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BP To AP : Homogeneous Representation

Special cases
e Pure Translation:R =1, ,

e Pure Rotation: AP, .. =0, .

AP = gR BP B APBorg
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In-class Practice

Re Xa Vo-Xn 26 %a]
éR:[AXBABAZB]z )A<B'YA YB'YA gB.\A/A A XB
5 Xg-Za YB-Za Z-Za A
. P
Zal|28. so “Zg= <1)] YB._JD/ z,
1 0 ) 0 -1 ,;\ 4
AXg=A{|0]|}= 1| AYs=A{[1[}=]0 /,’ Pgorg = |5
0 0 0 0 $// 0
» X
0 -1 0 2,9 )
BR=[AXgA¥gAZg]=|1 0 © T 0T
O 0 1 i
ar_ [ BR_1"Psorg| _ |1 0 05
& 00 0' 1 0 0 10
0 0 0 1
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In-class Practice

- - e Find 4R and *Pgorg

0 -1 0 -5
At — 1 0 0 10 e Find R and BPayg
BY7 1o 0 1 o0 o e va
e FindAPifBP=[5 -2 8|7
0 0 0 1|

e Find 3T

Can you visualize this?
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Practice: Find P In Every Frame!
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Compound Transforms
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Inverse Transforms
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X-Y-Z Fixed Angle Rotation

Ry(¥) = R.(B) — Ru(@)

Rotate {B} around X, (¥) then around Y ,(B), then around Z ()
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R(X-Y-Z) Fixed Angle

BRxyz(7.B,a) = Rz(a) - Ry(B) - Rx(Y)

=|sa ca Ol-1 O 1 Of-|0 cvy
| 0 0 d —-sB 0 cpB 0 sv
cacB casBsy—sacy casBcy+ sasy
= |sacB sasBsy+ cacy sasBcy— casy
| —sB cBsy cBcry

Rotate {B} around X, (¥) then around Y ,(B), then around Z ()

Solve fora, B, ¥
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[caa —sa O cB 0 sB 1 0 O gﬁ E

RRRRRR

Use the ailerons to control

Roll

Use the rudder to control
Yaw

Use the elevator to control

Pitch
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R(X-Y-Z) Fixed Angle Solution

ARxyz(7.8,a) = Rz(a) - Ry(B) - Rx(7)
_Ca Cﬁ Casﬁsfy . Sa C"Y Casﬁcfy + sasfy § E l}f\)s(e)ltlhe ailerons to control

= |sacB sas@Bsy+ cacy sasBcy— casy
| =50 cBsy cBcy
ni n2 ns
— r21 r22 r23 §O|V9 fOI' a, g, x: C “ E Use the rudder to control
. [ Yaw
[ 131 132 133 9 equations, 3 unknowns
General Solutions:
cB#0 5 5
-T1/2 < B <T1/2 6 - Atan2(_r3lv r].l + r21) g E l;)s;(t:r;?elevatortocontrol

a=Atan2(y r1,% n1), Y =sign(cB)| = & — o .
v = Atan2(2 rp, % r3), Y = sign(cPB)
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BRxyz(7.B, )

Rz(a) - Ry(B) - Rx(v)
cacB casBsy— sacy casBcy+ sasy
sacB sasBsy+ cacy sasBcy— casy

| —sP

Degenerate Solutions:

Solve for e, B. ¥:
9 equations, 3 unknowns

B=2T/2

e Case-l: B=7;c8=0; sB=1
v — o = Atan2(rz, )
Set a = 0,7y = Atan2(r2, r»)

*
*

o Case-ll: B=-7;,cB8=0; sB=-1
Y+a= Atan2(—r12, I’22)
Set a = 0,77 = Atan2(—nr2, )

*
*
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R(X-Y-Z) Fixed Angle Solution

Aileron
§ E Use the ailerons to control
Roll
Al 4

E Use the rudder to control
Yaw

E Use the elevator to control

Pitch
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Euler Angles: Rotation Along Moving Axes

BRzyix!(9,0,V¥) = Rz(®) - Ryi(©) - Rxi (V)

Pay attention to the order!

“ Why the order is reversed?
Intrinsic rotations are composed in reverse order to
Rotate around Z’; (y), then extrinsic rotations
Rotate around Y’ (©), then See explanation here.
Rotate around X’g(¢).
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http://motion.pratt.duke.edu/RoboticSystems/3DRotations.html

Euler Rotations

i Z’Y’X’ Euler: ngly/X/(a,ﬁ,’Y) = Rz/(a) . Ryl(ﬁ) . Rxl(’)’)
ca —sa 0 cB 0 sB 1 0 O
Y = |sa ca 0} . [ 0 1 0] . [0 ey —S’)’]
| O 0o 1 —sB 0 cpB 0 sy cy

= |sacB sasfBsy+ cacy sasfBcy— casy
| —sB cBsy cBcry

[cacB casBsy—sacy casBcy+ sas'y}

Z'Y'Z’ Euler: BRzviz(a,B,79) = Rz () - Ry/(B) - Rz ()

ca —sa 0 cB 0 sB cy —sy O
=|sa ca O[-] O 1 Of:-|fsy cy O
0 0 1 —-sB 0 cpB 0 0 1
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Mixed (Euler-Fixed) Rotations

Rotate around Z’; (a), then
Rotate around Y’ (B), then

Rotate around X ,(¥).

Z’Y'X Mixed: ZRzyix(a,B,7) = Rx(7) - Rz(c) - Ry/(B)

Solve fora, B, ¥ given R =[ I ]
e General case
e Degenerate case
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Rodrigues' Rotation Formula

Rodrigues rotation
e An efficient algorithm for computing rotation
e Rotates a vector in space, given

o An axis of rotation (k) and

o Angle of rotation (6)

See more at: wikipedia

Viot = vCosO + (1 —cosB)(k-v)k+ (k x v)sinf
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https://en.wikipedia.org/wiki/Rodrigues%27_rotation_formula

Rotation Around Arbitrary Axis

Equivalent (angle, axis) rotation
e Expression of R(k, ©) in matrix form
o  k: axis of rotation (unit vector)

o ©:angle of rotation

See more at: wikipedia

k2(1—cO)+cO  ky ky(1 —cO) — k50 ks k(1 — cO) + k,s6
R(k,0) = |kx ky(1 —cO) + k560  kj(1—cO)+cO  k, k(1 —cB) — kysb
ky k(1 — cO) — kysO ky kz(1 —cO) + kes®  k2(1 — c) + c6

30
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https://en.wikipedia.org/wiki/Rotation_matrix#Rotation_matrix_from_axis_and_angle

Rotation In Quaternions

a1 Rotation around a unit quaternion
Unit quaternion: q = lq] = |%|. gl =1 ry s(6/2)
d4 Zj = F s(6/2) _ | s(0/2)] gl = =1
S c(6/2) r- s(6/2)|"
d=0qi1/+ g+ qzk+ qa c(6/2)
= P=k=ijk=—1 See more at:
e OpenGl Blog Stanford Graphics Notes

1-2¢3—-205 2(q192 — G3qs) 2(G193 + G2Ga)
Rq(r.0) = [2(q192+ @3qa) 1—2q7 —295 2(q293 — G1Ga)
2(q193 — 92q4) 2(9293 + q1G4) 1—2g7 —2g3
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http://www.songho.ca/opengl/gl_quaternion.html
https://graphics.stanford.edu/courses/cs348a-17-winter/Papers/quaternion.pdf

re 5(6/2)

_|Fs(6/2)] _ |rys(6/2)] .

"‘[c(e/z)]— . sg/2)| ¢+ lal=lrl=1
c(6/2)

1-2¢5—2q5 2(q1q2 — G3qs) 2(q1G3 + G2qa4)
Rq(r.0) = |2(g1G2+ G3qa) 1—2g7 —2q5 2(9293 — q194)
2(g13 — g294) 2(g2q3+ q1q4) 1-— 2qf — 2q§ https://youtu.be/TgdKoQv738

R{[1,0,0,0]"} =1
R{—q} = R{q}
R{q"} = R{q}'
R{a: ® @2} = R{q:}R{q>}

IIIIIIIIIII

EEL 4930/5934: Autonomous Robots UF|FLORIDA



http://www.youtube.com/watch?v=jTgdKoQv738
https://youtu.be/jTgdKoQv738

