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Forward Kinematics vs Inverse Kinematics
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3D Kinematic Joints
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Manipulator Kinematics

⇒ Denavit-Hartenberg (DH) Notation

● Standardizes kinematic notations

○ Coordinate frames for spatial linkages

○ Solving kinematic motion

● Four parameters

○ Link twist: 𝜶
○ Link length: a 

○ Link offset: d

○ Joint angle: 𝜭
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DH Notation



6

EEL 4930/5934: Autonomous Robots

DH Notation: Example 1

i 𝜶i-1 ai-1 di 𝜭i

1 0 0 0 ϴ1

2

3
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i 𝜶i-1 ai-1 di 𝜭i

1 0 0 0 ϴ1

2 0 L1 0 ϴ2

3 0 L2 0 ϴ3

DH Notation: Example 1
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i 𝜶i-1 ai-1 di 𝜭i

1 0 0 0 ϴ1

2 𝜋/2 0 d2 0

3 0 0 L2 ϴ3

DH Notation: Example 2

{A0}={A1}
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i 𝜶i-1 ai-1 di 𝜭i

1 0 0 0 ϴ1

2 - 𝜋/2 0 L1 - 𝜋/2 + ϴ2

3 0 L2 0 ϴ3

DH Notation: Example 3

Z3

X3

{A0}={A1}
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How to Transform: From {i} To {i-1}

1. Translate di along Zi 2. Rotate 𝞡i around Zi 

3. Translate ai-1 along Xi-1 4. Rotate 𝛂i-1 around Xi-1 
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Derivation: From {i} To {i-1}

1. Translate di along Zi 

2. Rotate 𝞡i around Zi 

3. Translate ai-1 along Xi-1 

4. Rotate 𝛂i-1 around Xi-1 
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Derivation: From {i} To {i-1}

1. Translate di along Zi 

2. Rotate 𝞡i around Zi 

3. Translate ai-1 along Xi-1 

4. Rotate 𝛂i-1 around Xi-1 
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Practice

i 𝜶i-1 ai-1 di 𝜭i

1 0 0 0 ϴ1

2

3

4

5

6
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Practice

i 𝜶i-1 ai-1 di 𝜭i

1 0 0 0 ϴ1

2 -𝜋/2 0 0 ϴ2

3 0 a2 d3 ϴ3

4

5

6
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Practice

i 𝜶i-1 ai-1 di 𝜭i

1 0 0 0 ϴ1

2 -𝜋/2 0 0 ϴ2

3 0 a2 d3 ϴ3

4 -𝜋/2 a3 d4 ϴ4

5 𝜋/2 0 0 ϴ5

6
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Practice

i 𝜶i-1 ai-1 di 𝜭i

1 0 0 0 ϴ1

2 -𝜋/2 0 0 ϴ2

3 0 a2 d3 ϴ3

4 -𝜋/2 a3 d4 ϴ4

5 𝜋/2 0 0 ϴ5

6 -𝜋/2 0 0 ϴ6
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Practice

i 𝜶i-1 ai-1 di 𝜭i

1 0 0 0 ϴ1

2 𝜋/2 0 d2 0

3 0 0 L2 ϴ3

{A0}={A1}

Say: ϴ1 = 𝜋/3 and ϴ3 = 𝜋/6

        d2 = 0.5  and L2 = 1
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Finding All Ts

Say: ϴ1 = 𝜋/3 and ϴ3 = 𝜋/6

        d2 = 0.5  and L2 = 1

i 𝜶i-1 ai-1 di 𝜭i

1 0 0 0 ϴ1

2 𝜋/2 0 d2 0

3 0 0 L2 ϴ3
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Finding 13T and 21T
R t

R’ -R’ t
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TurtleBot Kinematics

r

y

{G}

Y0


