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Forward Kinematics vs Inverse Kinematics
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Manipulator Kinematics

Jointj 41 = Denavit-Hartenberg (DH) Notation
o
Jointy zi. e Standardizes kinematic notations

o Coordinate frames for spatial linkages

o  Solving kinematic motion

e Four parameters
o  Link twist: @
o Link length: a
o Link offset: d

o Jointangle: 6
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DH Notation

Axisi—1

angle(Zi-1 , Zi)x,_,

distance(Zi—1 , Zi)x,_,

distance(Xj—1 ., Xj)z

angle(Xi-1, Xi)z,
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Forward Kinematics: From {i} To {i-1}

Axisi—1

1. Translate d.along Z.
2. Rotate 8.around Z,
3. Translate a,  along X,

4. Rotate e, _, around X__,

, ~1T = Rotatex, ,(aj_1) x Translatex, ,(ai_1) X Rotz,(6;) x Translatez,(d;)
CG,‘ —59,' 0 dj—1
Ca,-_1 . 59,' Ca/_l . C9,‘ —Sa,-_1 —d,' . Sa,-_1
Sa,-_l - 59,’ Sa,~_1 . C9,‘ Ca,'_1 d,' . Ca;_l
0 0 0 1
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DH Notation: Example 1

i a. a. d. o.

i-1 i-1 i i
1 0 0 0 61
2 0 L1 0 92
3 0 L2 0 93

aj-1 = angle(Zj-1, Zi)x,_,

aj—1 = distance(Z;—1 , Zj)x,_,

d,' = distance(X,-_l ‘ Xi)Z,'

o
Il

angle(Xi-1, Xi)z,
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DH Notation: Example 2

Say: 91 = 7/3 and 93 = /6
d,=0.5 andL,=1

e Find f‘lT fori=1z3
e What is %T ?
e What is 3T ?

A=l = ang/e(Z,-_l, Z,’)x,._1

aj_1 = distance(Z;_, ,

Z1)x%...«

di = distance(Xj_1 ., Xj)z,

6; = angle(Xi-1, Xi)z,
I 9.1 0,
1 0 0 e,
2 ;2 0 0
3 0 0 e,
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Finding All Ts

f‘lT = Rotatex, ,(aj_1) X Translatex, ,(aj—1) x Rotz,(6;) x Translatez,(d;)
CG,’ —59,' 0 dji—1
Ca,-_1 . 59, Ca,-_1 . CG, —Sa,~_1 —d,' . Sa,-_1
Sa,-_1 . 59,' Sa,-_1 . C6,~ Ca,-_1 d,' . Ca,‘_l

0 0 0 1
0, —sb 0 0 05 -0.866 0 0
op_ [s61 b 0 0| @=D 0866 05 0 0
) 1 0 0 10 0 0 10
I a, a, d 6 0 0 01 0 0 01
10 0 O 10 0 O
I 0 0 5, ip_ [0 0 —1 —d| (=05 [0 0 —1 —05
2| o 0 d 0 701 0 0 01 0 O
Ttl2 2 00 0 1 00 0 1
3 0 0 L (=) cb3 —sb63 0 O 086 —-05 0 O
2 3 oy _ |63 <63 0 0 (@=p=1| 05 0866 0 0
Say: ©, =7/3 and ©, = 7/6 3" = 1o 0 1 L, v 0 0 1 1
_ _ 0O 0 0 1 0 0 01
d,=0.5 andL,=1
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Finding ',Tand ? T

1 0 0 O 10 0 O
1= [0 0 —1{—dyf| (@=05) [0 0 -1 —05
2T=10 1 o o “ lo1 0 o0
00 0 1 00 0 1 R’ Rt
1 0 Ol O
63 —s3 0 O 0.866 —05 0 0 2T=1T"= 8 01 (1) 005
ox_ |s03 83 0 0| @=pL=1| 05 0866 0 0 - -
30T 10 0 1 Ly 0 0 11 0 0 0 1,
0o 0 0 1 0 0 0 1

0.866 —-0.5 O 0
0 0 —=1 —1.5
0.5 0866 O 0
0 0 0 1
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Inverse Kinematics

Forward
Kinematics

j Inverse
T — ... )
| Kinematics
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Solvability & Workspace

6, => Workspace of a manipulator or end-effector

(S) -
. Inverse 1 e Volume of space that the end-effector can reach
l Kinematics

e, = Dexterous workspace

e Volume of space that the end-effector can reach

PR . . .
= Is there a solution? with all orientations

e If yes, how many solutions?

e If no, why not?
R

0, € [0°,180°)
i R 0, € [0°,1507]
= How to find them? O/i 2 € [ _

e Numerically or Analytically

e Some may not be feasible!
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Kinematic Solutions: PUMA 560

e1
P % | d’ € : Inverse >
1 0 0 0 e IT— i i
1 i Kinematics
e
R 77 0 ° © )
3 0 a, d, O, a. # of solutions
]
4 a d ©
-7t/2 3 ’ ’ =a,=a_=
a,=a,= a,=0 =4
5 0 0 S
/2 5 a3 = a5 =0 <8
6 -17/2 0 0 Ss a3 =0 <16
Ala,#0 <16
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Practice #1: Geometric Solution

A2

{0}={1}

sin ¢

0 cos¢ x|

—cos¢p O

sing y

— S > 000 1 ] | 0o -1 0 o

' 1 0 0 0 1

Xl A - =
X

~ B A Find @
- ¥ O _—
. X 5 x2-|-y2 x2—|—y2
e g 2% = _xﬁiyz 0 x'ziy2
0 -1 O

: y
Sin —

X
COSQ =
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Practice #2: Algebraic Solution

f‘lT = Rotatex, ,(aj_1) X Translatex, (aj—1) x Rotz,(6;) x Translatez,(d;)
C9,~ —59,' 0 dj—1
Ca,-_1 . 56,’ Ca,-_1 . C0, —Sa,-_l —d,' . Sa,-_1
Sa,-_1 - 59,’ Sa,-_1 - C9,’ Ca;_l d,' » Ca;_l
0 0 0 1

Sr=97.1T1.2T1

-C61 —561 00 -C62 —592 0 Ll C03 —503 0 L2
_|s61 c6: 0 O s, ch 0 O s c6; 0 O
“(o o 10 |0 0 10| |O 0 10
| 0 0 01] |LO 0 01 0 0 0 1
[c6, —sB; 0 O] ’c(92 + 93) —5(92 + 93) 0 Lrchr+ L,
. s6; c6; 0 O 5(92 = 03) c(62 + 93) 0 L>s6>
“lo o 10| 0 0 1 0
| 0 0 0 1] | 0 0 0 1
g -Cl -5 0 0 3 —S3 0 Lo+ Ly
I &y | 8y g, 0, s @ 00| [ss @ 0 L
0 0 10 0 0 1 0
1 0 0 0 6, 0 0 01 0 0 O 1
[Clos —S123 0 Ly + Lacro
2 0 L 0 ®, _[S123 G2z 0 Lys;+ Losys
10 0 1 0
3 0 L, 0 e, o 0 0 1 .
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Practice #2: Finding 6,

IT= 0T 4T 3T

€23 —S123 0 Ly + LGy cp —sp 0 x
_[S12s Gz O Lisi+Lesip| _ |s¢ cp O y
0 0 1 0 |0 0 10

0 0 0 1§ 0 0 01

L s, +L Tt ek
S S =
1717 "2712 X2+y?=L12+12+2L,L5c 2L,L,

6, = Atan2(s2, c2) s2 = iﬁ

x=Liag+ Lcp=Lia+ L — Lrysiso = (L1 + Lac) e — (Lasz)s
y=L15+ Lys1p = L1851 + Lps16 + Lacys, = (Ly + La6)sy + (Lasp) o

i a|_1 ai_1 di 6/ X = kiC1 — koS,
y = kis1 + kac x

1 0 0 0 e, e C=ora—sys = cos(y + 6:)
ky = rcos+y y _

2 0 L, 0 o, k, = rsiny P + syc = sin(y + 6,)

3 0 L, 0 e, r=\/k12+k22 5
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Practice #2: Finding All ©s

x=Liag+ Lcn=Lia+ Lac— Lysis, = (L1 + Lac) ey — (Lasz)s
y=L151+ Lys1o = L1s1 + Lrsi + Lo s, = (L + La6)s + (Lasz)a

X = k1C1 - k251

— X
y = ks + ke 7=c'yc1—s'ysl=cos('y+91)
ky = rcos+y y .
L.s, +L s — =¢85 + sy =sin(y+6
1 S 2 S12 PR p Y51 T+ SYG (v+61)

r=4/kZ+ k2

¥+6, = AtanQ(%, ;) = Atan2(y, x)

8, = Atan2(y, x) — Atan2(k,, k
; " 2 d ) 1 (Vi) (k2. ki)

i-1 i-1 i ]
1 0 0 0 e,

¢ = 601 + 02 + 03 = Atan2(s123, C123)
2 0 L 0 (] _
1 2 05 = Atan2(5123, C123) -6, -6,

3 0 L, 0 6,
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Practice #3: In-class Exercise

f‘lT = Rotatex, ,(aj—1) x Translatex, ,(aji-1) x Rotz,(0;) x Translatez,(d;)
C6,~ —59,' 0 dj—1
Ca,~_1 . 59,' Ca,~_1 . C9,‘ —Sa,~_1 —d,' - Sa,~_1
Sa,-_1 . 59,‘ Sa,-_l > CG,- Ca,-_1 d,' . Ca,~_1
0 0 0 1

0T = OT - 1T - 2T

'601 —591 0 0 1 0 O 0 C03 —593 0 0
_|s6; c6, 0 O . 00 -1 —d, _ s6; «cH; O 0
~lo o0 10/°l01 0 O 0 0 1 Ly=1
) J o0 0o 01 [00 0 1 0 0 0 1
I o, a, i 9/ [0.433 —025 0.866 1.30
0.75 —0.433 -0.5 —0.75 .
L 0 0 0 5, |05 086 O 0. (given)
0. 0. 0. 1.
2 | 2/ 0 d, 0
3 0 0 L=1 | 6, Finde,,d,, o,
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Practice #4: Pieper Robot

f‘lT = Rotatex, ,(aj_1) x Translatex, ,(aj_1) X Rotz,(6;) x Translatez,(d;)

[ C0,~ —59,' 0 dj—1
_ Ca,-_1-56,- Ca,-_l-CO,- —Sa,-_1 —d,--Sa,-_1
o Sa,-_l-Se,- Sa,-_l-Ce,- Ca,-_1 d,~-Ca,-_1
i 0 0 0 1
[x] as
—dssa
"Paorg = || = §T - 3T 3T - Pagry = §T - 3T - 3T |7 AN
[ 1] 1
x| f1(63)
y f>(6
d L URE UL IE W B B
Op OP Op '1‘ 1
o AT 4 91(6>,65)
. _ o . 92(02, 63)
or — [ IR °Paorg T g0 00
‘4710001 .
a —s1 00 q1 g1 — Gg
. =[5 a 00 92| Z |51 TG
Finde,,®,,6, 0 0 10| |g %
0 0 01 1 1
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Practice #4: Process of Elimination

b fi
0 4 0 1 2 3 0 1 f 0
Piorg = P =11 2T - 3T - "Paorg = 1T - 5T - f =g
1 1
fi = a3c3 + dysazss + ap
fo = az3Ccarsaz — dySQ3ConC3 — S Caz — d3S0y
f3z = a35QrS3 — dySQ3SQLC3 + dycarcas + dzcan
g1 = fi —s5hH+a;
6R manipulator: Axis 4, 5, 6 intersect g = spcanfi + cpcanfh — safz — dhsa
Op — Op — Op 93 = s5aufy + Gsaufy + canfs + dacay
6F — 5% = 4
4 000" 1 =2+ 7 + 7 + al + &2 + 2dofs + 2a1 (2 fy — 55)
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Practice #4: Finding ©,= ©,= ©.
= &

X fi 91 g1 — G192
y f. g 5191 + &1 g
Paorg= || = 3T - 3T - 5T - *Paorg = IT - 3T - fz = B gz _ |5 1g3 192
] 1 1 1
Eliminate variable 91 and formulate two
equations to solve ©, and ©, ki =f
ko = —f
r=231(k1C2+k252)+k3 ks =2+ 2+ 2+ 22 + d2 + 2dof;

z=g3=5Sai1(kis, — koG) + ks | ks = ficonq + dhca;

6R manipulator: Axis 4, 5, 6 intersect = Special cases (solve for ©,):

0p=2p=0p o If a1 =0, r = k3. 2 values
- 5 o If sa; =0, z= k4. 2 values
aT [-0- el ‘{°-'g-] e Otherwise =k 4 (@=k)® _ 2 | 42
erwise - + Yag, - = ki + k5. 4 values.
: = With ©, solve for ©
Find 6,,6,,6, 3 2

=» Then solve for 91
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Practice #4: Finding ©,, ©, and ©,

'R
. IR -
SRT-IRT-IRT - GR =R IR - ¢R
R=3R-I{R-R

9 equations: 3 unknowns!

See Craig’'s book example 4.6

6R manipulator: Axis 4, 5, 6 intersect

0p = 9p = 9P
R | °P

0 5 Y o S AORY

4T‘[o 00 1 ]
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Further Reading

= Craig’s book
e Example 4.7: PUMA-560 robot inverse kinematics
e Exercises: 4.2,4.5,4.10,4.11, 4.16

= A few good resources:

e https://motion.cs.illinois.edu/RoboticSystems/InverseKinematics.html

e http://docs.ros.org/en/kinetic/api/moveit tutorials/html/doc/robot model an

d robot state/robot model and robot state tutorial.html

e http://docs.ros.org/en/indigo/api/moveit tutorials/html/doc/pr2 tutorials/kine

matics/src/doc/kinematic _model tutorial.html

e https://www.rosroboticslearning.com/forward-kinematics

e https://www.rosroboticslearning.com/inverse-kinematics
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